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Abstract 

We generalise the construction of integrals of motion for quantum superintegrable 
models and the deformed oscillator algebra approach. This is presented in the context 
of ID systems admitting ladder operators satisfying a parabosonic algebra involving 
reflection operators and more generally cx extended oscillator algebras with grading. 
We apply the construction on two-dimensional cx oscillators. We also introduce two 
new superintegrable Hamiltonians that are the anisotropic Dunkl and the singular 
Dunkl oscillators. We construct the integrals and using this extended approach of 
the Daskaloyannis method with grading and we present an algebraic derivation of the 
energy spectrum of the two models from the finite dimensional unitary representations 
and show how their spectrum divides into different sectors and relates to the physical 
spectrum. 
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I INTRODUCTION 


It is well known that the deformed oscillator algebras approach (also referred to as the 
Daskaloyannis method) may be nsed to obtain hnite dimensional nnitary representations 
of hnitely generated polynomial algebras involving three generators, and to obtain alge¬ 
braic derivations of the energy spectrnm of varions snperintegrable systems Some 

examples of higher rank qnadratic algebras have also been considered in El E]- Some of 
the algebras were direct snms of Lie algebras and qnadratic algebras with structnre con¬ 
stants involving Casimir operators of some higher rank Lie algebras, bnt central element 
to the generators of the qnadratic algebra. Other cases of qnadratic algebras have been 
shown to have a more complicated embedded strnctnre. In addition, methods to generate 
polynomial algebras and integrals of motion of systems from ladder operators satisfying 
polynomial Heisenberg algebras have been nsed [7]. These methods have been extended to 
the case of integrals constrncted with combinations of varions types of snpercharges, ladder 
and shift operators [HI El CHI IHl 112] • 

One-dimensional qnantnm systems involving the Dnnkl operator or reflection operators 
were stndied in the context of Calogero models and supersymmetric quantum mechanics 
[T3l im [151 Cni HZl HH EH], in recent years, a 2D snperintegrable system involving reflection 
operators has been discovered and studied [20] and a series of papers introduced isotropic 
2D and 3D Dnnkl and singular Dnnkl oscillators and a particular case of anisotropic with 
frequency 2 : 1 [201 1211 1221 12311211 Eg. These works made interesting connections between 
the obtained quadratic algebras and orthogonal polynomials of various types such as Jacobi- 
Dunkl polynomials and dual-1 Hahn polynomials. Some works on angular momentum 
involving such operators and the related algebra were also undertaken recently [22]. The 
ID Dnnkl and singular oscillators also admit ladder operators involving reflection operators 
and from an algebraic perspective they comprise a particular case among the class of c\ 
extended oscillators that involve generators of the cyclic group [2HI IMl [30] . 

The purpose of this paper is to extend the construction of integrals for 2D Hamiltonians 
from ladder operators satisfying a c\ extended oscillator algebra for the ID components of 
the Hamiltonian, obtain the corresponding polynomial algebras and demonstrate how the 
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deformed oscillator algebras approach can be applied to obtain the spectrnm. The other 
main objective is to introdnce two new families of 2D snperintegrable systems that are 
anisotropic generalizations of the 2D Dnnkl and singular Dunkl oscillators, present their 
integrals, polynomial algebras, the realizations as deformed oscillator algebras and obtain 
the spectrum. 

In Section 2, we present a construction of integrals of motion using ladder operators 
satisfying a c\ extended oscillator algebra and present the hnitely generated polynomial al¬ 
gebras. In Section 3, we study an anisotropic generalization of Dunkl and singular Dunkl os¬ 
cillator and present algebraic derivation of the energy spectrum from the hnite-dimensional 
unitary representation. In Section 4, we make a comparison with the physical spectrum 
obtained via separation of variables in Cartesian coordinates. 

II Daskaloyannis approach with grading 

We consider Hamiltonians built from two commuting parts 

H = Hi + H2, 

i.e. such that [Hi,H 2 ] = 0, with each part Hk associated to ladder operators Ofc, a\ 
satisfying deformed CA-extended oscillator algebra commutation relations [2H]- Specihcally, 
for /c = 1, 2, we let denote generators of the cyclic group of order A^, satisfying = I, 
with Caj, = span{/, T^, T ^,..., being the corresponding group algebra such that 

~ dk ( 2 - 1 ) 

i27T 

where we have set Qk = e^k , An immediate consequence of this relation is the identity 

= «=1,2,...,A»-1. (2.2) 

We furthermore dehne from which it easily follows that 
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Taking the hermitian conjugate of equation fl2.2p then leads to 


Tk^k = Qk ^akTk, £ = 1, 2,..., Afc - 1. 


In fact it is straightforward to establish the more general relation 


N rpm mN rpm N 

-‘-k — % -‘-k ^k ■ 


We now impose the relations 

®A:] j ^k,0^ T ^ ^ 

Taking 


(2.3) 


At —1 


m=l 


m 

k 


(2.4) 


l^k,m, ^k,Xi^—mQk > ^ • • • ) ^k Ij /^k,0 ^k,0 (^•^) 

(using the overbar to denote complex conjugation), the hermitian conjugate of fl2.4p gives 


1 


[Hk, 4] = 4 /3k ,^ ^k,mT'i 


im 

k 


m=l 


If we further impose 


then we may deduce 


^k,0 &rid Olk,m Olk,\f,,—mi 


\Hk, alah] ^ 0 . 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


By contrast to our approach, we note that in the work of Quesne and Vansteenkiste 
the authors set 

A-l 

[a, a^] = 1 + ^ 

11=1 

and impose the condition Rp = n\-p. The condition fl2.7l) could be considered an analogue 
of this condition. 

Using the relations 02.41) and 02.3p we may easily deduce by induction that 


Afe-l N 

Ift, oti = - I Nat,„I + E E ».rr I at. 

m=l j=l 


(2.9) 
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Furthermore, for the primitive A^-th root of unity and for any m = 1, 2,..., — 1, we 

have 

Xk 

= ( 2 . 10 ) 

Setting = Afc in equation fl2.9p and applying fl2.1Up leads to the commutation relation 


[Hk,ai.’‘] = -Xkakfia^}. 

In a similar way, we may also deduce the relation 

We also note, from fl2.3p . that 

n^k'~n _ '~n r,^k 

We may express equation fl2.6p in the form 


Afc—1 


Hkal = aj, j ^ l3k,mT^ 

and similarly write equation fl2.4p as 


m 

k I 5 


m=0 


Afe —1 


j ^k ^ ^ Pk^mTj 


T I ak. 


m=0 


where we have made use of fl2.5l) and fl2.7p above. We then deduce that for any analytic 
function /, we have the relations 


f{Hk)al = a 


/ Afe-l \ 

A ' 

\ m=0 / 

( Afc-1 \ 

Hk+^ ak. 

m=Q / 


This indicates that if we set the analytic function / as 

= fi.Hk), 


then we may consistently set 


/ Afe-l \ 

auai = f[Hk+Yl 

\ m=0 / 
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Even though this is justified by equation fl2.8p . it tuns out that we may consistently impose 
the condition that the also commute with Hk- Consider the following argument. 

We start by investigating the commutator of both sides of the relation fl2.ip . Using the 
standard derivation rule, we have 

[H,, ain] = al[H,,n] +4^, 


m=0 


and 


-''fe—1 




m=0 


Equating both expressions gives 


al[Hk,Tk] = qk [Hk,Tk]al. 

Based on the form of fl2.ip . we make the assumption that 

[Hk-, Tk\ = (pkTk, 


where (pk is some constant of proportionality. This then implies that 


HkTk — Tk{Hk + (pk)^ 


which may easily be extended to powers of Tk, namely 


HkT^ = T^{Hk + m<Pk). 


Setting m = Xk, however, leads to the conclusion that (pk = 0, and therefore we have 


[Hk, Tk] — 0. 


( 2 . 11 ) 


The outcome of this discussion is that we can impose the relations 


Afc-l 
^ ^ Qk^mi^Hk'jT^ 
m=0 


im 

k 


and 


Afe — 1 / Afc —1 \ 

akal = Qk,m TJT, 

m=0 \ ri=0 / 


( 2 . 12 ) 


(2.13) 
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where the Qk,m are some specified analytic functions. 
Now introduce the new operators 






(2.14) 


We immediately have 

[Hk,Bk\ = —^kBk, [Hk,Bl] = 'jkBl, (2-15) 

where we have set ^k = ^kO(k,o, which must be a real number (from fl2.7l) b This then leads 
to 

^k^k = Gk{Hk), BkBl = Gk {Hk + 7 fc), 

where 




e=i 


Here, for convenience, we have set 


ZgjBs, TO = q‘rQk,^ ( "-= - £ £ ) T, 

m=0 \ ri=0 j=0 


m 
k 5 


and in particular. 




^fc —1 


'm 

k * 


m=0 


The generators of the cyclic group are now central elements of the finitely generated poly¬ 
nomial algebra. We introduce the following generators 

/_ = {B,T^{Bir\ j+ = {B\r^{B^r\ k = -h^), (2.16) 

27 

with constraints ni 7 i = 71272 = 7 . These generate the following polynomial algebra 


[i^,4] = ±4, 


where 


n.1 /1 \ /1 

(4 H) = \[gA-H + ^K- (m - 7)71 ]\[GA-H--fK + J72 


Z=1 


j=l 


(2.17) 
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The polynomial algebra can be written in the form of a deformed oscillator algebra by 
taking = I^,b = I_, N = K — u, and strnctnre fnnction 

$(iV, u, H) = + u,H). (2.18) 

The constraints for hnite dimensional nnitary representation are known and take the form 
<h(0, M, E) = 0, d>(p + l,u, E) = 0 and d>(x, u,E) > 0 for x = 0,..., p. 


Ill Dunkl oscillators 
A ID Dunkl oscillator 


The Hamiltonian of the Dnnkl oscillator with one parameter is given by 


H 




where m is some integer and the Dnnkl operator given by = dx + ^{1 — R)■ We remark 
that the operator R, defined by the action R{f{x)) = /(—x), satisfies R^ = I and so, in 
the context of onr presentation so far, can be viewed as the generator of the cyclic gronp 
of order 2. The sqnare of the Dnnkl operator evalnates to 


(Off ^dl + - 4(1 - R) 

X X^ 


We can introdnce the following operators 


a = -^(mx-D^) 
that generate the following algebraic relations jZHES] 


a^a = H + ^(“1 “ 2pi?), aa^ = H + —(1 + 2fiR), 
[H, a^] = ma\ [H, a] = —ma. 


m 


Dehning 


(3.19) 

(3.20) 


2 
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these can be shown to satisfy the following commutation relations 


[H, B] = -2mB, [H, B^] = 2mB\ 


^ B^B = G{H), BB^ = G{H + 2m) 


where 


G{H) = i ( 


H — -m + mfxR H — —m — mixR 



1 

2 


The fact that there is a quadratic expression of the Hamiltonian is related to the existence 
of two sectors unlike the case of the standard harmonic oscillator. 

B 2D anisotropic Dunkl oscillator 

We now introduce the anisotropic Dunkl oscillator in two dimensions: 



For both coordinate axes, we have two polynomial Heisenberg algebras involving the genera¬ 
tors Rx and Ry (respectively) that are central elements of the algebra with = n2jy = 7 
(using the notation of equations fl2.15p h In particular, we have 7 ^, = 2m, ■jy = 2n, rii = n, 
n 2 = m, 7 = 2mn. However, this differs from the usual anisotropic case as the analysis of 
hnite dimensional unitary representations will involve different sectors due to the presence 
of the reflection operators R^ and Ry in the structure function. 

By contrast to the ID case, we set 



(3.21) 


(3.22) 


and also 



so that 


[Hx, Bx] = -2mBx, [Hx, Bl] = 2mBl 

[Hy,By] = -2nBy, [Hy,Bl] = 2nBl. 
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Making use of the generators I± defined in fl2.16p . namely 


L 



1+ 



1 


the structure function of the 2D Dunkl oscillator and algebraic derivation of the energy 
spectrum is determined by 


^HO = 


i=l 


1 fE 


- I — + 2mn{x + u) — {n — i)2m — -m + m^xSa 


, E \ / \ 1 

X ( — + 2mn[x + u) — [n — i)2m — -m — miXxSc 


-n 

i=i 
'E 


1 fE , , 3 

-I- 2mn{x + u) + 2jn - n + n^ySy 

4 \ 2 2 


X ( ^ — 2mn{x + u) + 2jn — -n — n^ySy 


where equations fl2.17p - fl2.18|) have been used, Sx and Sy are the eigenvalues of Rx and 
Ry respectively, taking values 1 or —1. We have two types of solutions when we impose 
^{0,u,E) = 0: 


2mn \ 2 


[n 


ki)2m — m — -^m + eimfixSa 


with the two cases corresponding to the choice ei = { 1 ,- 1 } and where ki = 
Substituting these expressions we obtain the energies using <h(p + 1, u, E) = 0: 


E = 2mn{p + 1) + m + n + —m + —n 


{eimpxSx + ^ 2 npySy) + 2{rnn — k 2 n — kim), 


with the corresponding structure functions 


^Ho{x,p) = n -{2mnx + {i — ki)2m){2mnx + {i — ki)2m + m + (1 — ei)pxSx) 


i=l 


X -(2mn{p + 1) — 2mnx + 2n{j — k2)){2mn{p + 1) — 2mnx + 2n{j — ^ 2 ) + n — 2e2npySy), 


j=i 

where ki = and ^2 = and 61,62 G {1,-1}. It can be verihed that 

^Ho{x,p) > 0 for X = 1,... ,p, which ensures that the the hnite dimensional representations 
are unitary. 
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IV Singular Dunkl oscillators 

A ID singular Dunkl oscillator 

The Hamiltonian of the singular Dunkl oscillator with three parameters is given by 



with the Dunkl operator defined as before. In this case we introduce the following 
operators which can be considered deformations of those dehned in fl2.14p . and make use 
of the operators a and dehned in fl3.19p - fl3.20p [23] : 



These operators satisfy [B\ R] = [B, i?] = 0, and moreover 


[H, B] = -2mB, [H, B^] = 2mB^ 



B^B = — 2mH -|- pi? — jj? — 

BB^ = G{H + 2m). 


G{H), (4.23) 


The expression for G{H) given in fl4.23p can be factorised to the form 


G{H) = {H - A+){H - A.), 


with 



(4.24) 


where s = —1,1 is the eigenvalue of the operator R. 

We see that this case corresponds to a nontrivial deformation (provided a, ^ 0) of the 
regular ID Dunkl oscillator introduced earlier, so the situation is genuinely different and 
warrants further study. To this end, we now look at the singular Dunkl oscillator in two 
dimensions. 
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B 2D singular anisotropic Dunkl oscillator 

The hamiltonian we consider consider in this section can be expressed as 


H = H,+Hy 




2x2 


2y2 


We have the following two-polynomial Heisenberg algebras that contain the grading 
elements Rx and Ry. We have similar integrals and deformed oscillator form with ni = 
n, n 2 = rn, jx = 2m , 7 y = 2n, 7 = mn. Specihcally, making use of the operators 
ax,al.,ay, given in fl3.2ip - fl3.22p . we set 


Bx = al- 

l^xRx 

2 x 2 

Bl = 

- 

B,, = of — 

OLy l^y-^y 

Bl = 

(4)^ - 

y y 

27/2 ’ 

y 



2 x 2 


with 


2 y 2 


[Hx, Bx] = -2mBx, [Hx, Bl] = 2mBl, 
[Hy, By] = -2nBy, [Hy, B^] = 2nBl. 


The structure function (again making use of the generators of the form fl2.161) 1 for the 
singular oscillator can be written as 

^SHO = JJ ( W 2mn(x + u) - {n - i)2m - 171 ( 1 -^ + j 

i=l L V / 

X + 2mn{x + u) - {n - i)2m + ^ j 

^ n \R~ 2mn{x + u) + 2jn - n (1 - ^ + Vy^,^ j 
i=i 2 

X f “ 2mn{x + u) + 2jn - n ^1 -h y - J^y,sy^ 


As before, equations fl2.17p - fl2.18p have been used, Sx and Sy represent eigenvalues of the 
operators Rx and Ry respectively, and so take on values 1 or —1. To avoid overly complicated 
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expressions, particularly arising from the form of G{H) as given in fl4.23p . we have also 
introduced the notation 

s 1 

^x,s^ = Y ~ 2 ~ + 4/i^Sx 

(and a similar expression for ^y,sy)i the form of which has been chosen for its connection to 
the physical spectrum. This last point shall be discussed in Section |V] below. 

Using ^{0,u,E) = 0, we obtain 

“ = (“I + <" ■ +>« (i - Elf + 

Applying the condition ^{p + l,u, E) = 0 determines the energy spectrum as 

E = 2mn{p + 1) + 2{nm - k 2 n - kim) + m - eiy + + n (^1 - € 2 ^ + ^ 2 T^y,s^ ■ 

Once again, we have made use of the notation 61,62 = 1,-1 to characterize the various 
cases that arise in this Daskaloyannis approach. The associated structure functions reduce 
to the form 

^SHo{.X,p) 

n 

= ]^( 2 m? 7 ,a: + {i — ki)2m){2mnx + (i — ki)2m + m{—eiSx + 2eii'x,s^)) 

i=l 

m 

X J^(2mn(p + 1) — 2mnx + 2n{j — k2)){2mn{p + 1) — 2mnx + 2n{j — ^ 2 ) + n{—e 2 Sy + 2e2i2y^sy))- 
i=i 

where ki = 1,...,n and k 2 = 1, ■ ■ ■ ,Tn.. It can be verihed also for this structure function 
that ^Ho{x,p) > 0 for X = 1 ,... ,p. 

V A comment on the physical spectrum 

The physical spectrum of these two new 2D anisotropic Dunkl and singular Dunkl oscillators 
can be obtained using separation of variables and explicit expressions for the wavefunctions 
in the ID cases EIIE21123]. In the Dunkl case there are four different sectors, characterised 
by the eigenvalues of and Ry-. 

1 1 

E = (2mni„ + 2nniy + m{py; + 1 - -s^,) + n{iXy + 1 - -Sy)). 
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In the case of the 2D singular oscillator spectrum we also have four sectors 


E = {2mni^ + 2nniy + + 1 - -s^) + n{uy^+ + 1 - -Sy)), 


with 


Pi^± = 2kf + ^i, i = x,y 


and 

1 3 

D,+ + - > 0, Ui- + — > 0. 

The parameters kf of the 2D singular oscillator must satisfy 

ai = 2kl{kf + yi — -) + 2k^ (/c^ + + -), 
f5i = 2k^{kf + /ii — — 2k^ {k^ + /Xi + -)• 

It turns out that not all eigenvalues arising from the algebraic approach are physical. In 
order to compare the physical spectrum and those eigenvalues obtained by the algebraic 
derivation via deformed oscillator algebra, we dehne 


= nriix + li,n'2^ = nn2x + h ( 5 . 25 ) 

n\y = mriiy + k, n'^y = mn2y + h ( 5 . 26 ) 

with /i = 0 ,..., n — 1 and ^2 = 0,..., m — 1 and riix, niy, n 2 y = 0, 1 , 2 ,... and we take 

respectively for the four physical solutions p = + n'^y for i,j = 1,2 and also considering 

li = —ki + n and I 2 = —^2 + m 


VI Conclusion 

In this paper, we have extended the construction of integrals from substructure as ladder, 
shift or supercharges used in recent years to introduce several new families of superintegrable 
systems to ladder operators involving generator of the cyclic group and also generalized the 
Daskaloyannis approach for the corresponding class of polynomial algebras. We applied 
this construction for a sum of two c\ extended oscillators. 
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We also introduced two new families of superintegrable systems that are the anisotropic 
Dunkl and singular Dunkl oscillators for which we demonstrated how to apply the gen¬ 
eral construction. We compare the spectrum that divide into four sector to the physical 
spectrum derived by separation of variables. 

Superintegrable systems with higher order integrals of motion with Dunkl operator or 
more generally grading are unexplored and no systematic study has been undertaken. 

ACKNOWLEDGEMENTS 

The research of I. M. was supported by the Australian Research Council through Discovery 
Project No. DPI 10101414 and Discovery Early Career Researcher Award DE130101067. 

References 

[1] D. Bonatsos and C. Daskaloyannis, Quantum groups and their applications in nuclear 
physics, Prog. Part. Nucl. Phys. 43 537 (1999) 

[2] C. Daskaloyannis, Quadratic Poisson algebras of two-dimensional classical superinte¬ 
grable systems and quadratic associative algebras of quantum superintegrable systems, 
J. Math. Phys. 42 1100 (2001) 

[3] P. S. Isaac and I. Marquette, On realizations of polynomial algebras with three gener¬ 
ators via deformed oscillator algebras , J. Phys.A: Math. Theor. 47 205203 (2014) 

[4] Md. F. Hoque, I. Marquette and Y.-Z. Zhang, Quadratic algebra structure and spec¬ 
trum of a new superintegrable system in N-dimension, J.Phys.A: Math.Theor. 48 
185201 (2015) 

[5] Md. F. Hoque, I. Marquette and Y.-Z. Zhang, A new family of N dimensional super¬ 
integrable double singular oscillators and quadratic algebra Q{3) © so{n) © so{N — n), 
J.Phys.A: Math. Theor. ( to appear ) 


15 



[6] Y. Tanoudis and C. Daskaloyannis, Algebraic Calculation of the Energy Eigenvalues 
for the Nondegenerate Three-Dimensional Kepler-Coulomb Potential, SIGMA 7 054 
( 2011 ) 

[7] I. Marquette and C. Quesne, New ladder operators for a rational extension of the 
harmonic oscillator and superintegrability of some two-dimensional systems, J. Math. 
Phys. 54 102102 (2013) 

[8] I. Marquette, Superintegrability and higher order polynomial algebras, J. Phys. A: 
Math. Theor. 43 135203 (2010) 

[9] E. G. Kalnins, J. M. Kress, and W. Miller, Jr., A recurrence relation approach to 
higher order quantum superintegrability, SIGMA 7 031 (2011) 

[10] E. G. Kalnins and W. Miller, Jr., Structure results for higher order symmetry algebras 
of 2D classical superintegrable systems, J. Nonlinear Syst. Appl. 3 29 (2012) 

[11] J. A. Galzada, S. Kuru, and J. Negro, Superintegrable Lissajous systems on the sphere, 
Eur. Phys. J. 129 164 (2014) 

[12] J. A. Galzada, S. Kuru, and J. Negro, Polynomial symmetries of spherical Lissajous 
systems, e-print arXiv: 1404.7066 

[13] G.F. Dunkh, Symmetric and BN-invariant spherical harmonics, J. Phys.A: Math. 
Theor. 35 10391 (2002) 

[14] G.F. Dunkh, Dunkl operators and related special functions, ArXiv, 1210.3010 (2012) 

[15] N. Mukunda, E.G.G. Sudarshan, J.K. Sharma, and G.L. Mehta, Representations and 
properties of para-Bose oscillator operators I. Energy position and momentum eigen¬ 
states, J. Math. Phys. 21 2386 (1980) 

[16] A. Nowak and K. Stempak, Imaginary powers of the Dunkl harmonic oscillator, SIGMA 
5 016 (2009) 


16 


[17] M.S. Plyushchay. R-deformed Heisenberg algebras, Mod. Phys. Lett. A 11 2953 (1996) 

[18] M.S. Plyushchay. Deformed Heisenberg algebra with reflection, Nucl. Phys. B 491 619 
(1997) 

[19] B. Sutherland, Exact Results for a Quantum Many-Body Problem in One Dimension, 
Phys. Rev. A. 4 2019 (1971) 

[20] S. Post, L. Vinet, and A. Zhedanov, An inhnite family of superintegrable Hamiltonians 
with reflection in the plane, J. Phys.A: Math. Theor. 44 505201 (2011) 

[21] V. X. Genest, M.E.H. Ismail, L. Vinet, A. Zhedanov, The Dunkl oscillator in the plane I 
: superintegrability, separated wavefunctions and overlap coefficients, J. Phys.A: Math. 
Theor. 46 145201 (2013) 

[22] V. X. Genest, M.E.H. Ismail, L. Vinet and A. Zhedanov , The Dunkl oscillator in 
the plane H : representations of the symmetry algebra , Commun. Math. Phys. 329 
999-1029 (2014) 

[23] V. X. Genest, L. Vinet and A. Zhedanov , The singular and the 2:1 anisotropic Dunkl 
oscillators in the plane , J. Phys.A: Math. Theor. 46 325201 (2013) 

[24] V. X. Genest, J.-M. Lemay, L. Vinet and A. Zhedanov , The Hahn superalgebra and 
supersymmetric Dunkl oscillator models , J. Phys.A: Math. Theor. 46 (2013) 505204 
(2013) 

[25] V. X. Genest, L. Vinet and A. Zhedanov , The Dunkl oscillator in three dimensions , 
J. Phys: Conf. Ser. 512 012010 (2014) 

[26] V. X. Genest, A. Lapointe and L. Vinet , The Dunkl-Goulomb problem in the plane , 
arXiv: 1405.5742 

[27] M. Feigin, T. Hakobyan, On the algebra of Dunkl angular momentum operators, 
arXiv: 1409.2480 


17 


[28] J. Beckers, N. Debergh and N. Nikitin, On reducibility of supersymmetric quantum 
mechanics, Int. Jour, of Theor. Phys. 36 1991 (1996) 

[29] C. Quesne and N Vansteenkiste, CA-extended harmonic oscillator and (para) super- 
symmetric quantum mechanics, Phys. Lett. A 240 21 (1998) 

[30] M. A. Vasiliev, Higher spin algebras and quantization on the sphere and hyperboloid, 
Int. Jour, of Mod. Phys. A 6 1115 (1991) 

[31] W. Miller, Jr., S. Post, and P. Winternitz, Classical and quantum superintegrability 
with applications, J. Phys. A: Math. Theor. 46, 423001 (2013). 

[32] P. Winternitz, Ya. A. Smorodinsky, M. Uhlir, and I. Fris, Symmetry groups in classical 
and quantum mechanics, Sov. J. Nucl. Phys. 4, 444 (1967). 


18 



